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Abstract 

We consider the nonlinear magnetic Schrodinger equation for u : R 3 X R — > C, 



where A : R 3 — > R 3 is the magnetic potential, V : R 3 — > R is the electric potential, 
and g = ±\u\ 2 u is the nonlinear term. We show that under suitable assumptions 
on the electric and magnetic potentials, if the initial data is small enough in H , 
then the solution of the above equation decomposes uniquely into a standing wave 
part, which converges as t — > oo and a dispersive part, which scatters. 



1 Introduction 

Consider the nonlinear Schrodinger equation with magnetic and electric potentials for 

V>0M) :I 3 xR4C, 



iut = (iV + A) 2 u + Vu + g(u),u(x, 0) = uq(x) 



id t ip = (-A + 2iA- V + i(V- A) + V)ijj + g(ip) 



(i) 



where 




(2) 
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Here, A(x) = (A^x), A 2 (x), A 3 (x)) : M 3 -> M 3 and V(z) : M 3 -> K. Equation ((TJ can be 
equivalently written as 

%dti) = (zV + A) 2 ^ + + #(^) (3) 

by replacing with V — \A\ 2 . Here, A(a;) = (Ai(x), A2(x), A 3 (x)) is the magnetic 
potential (also known as the vector potential), and V(x) is the electric potential (also 
known as the scalar potential). In this paper, we consider potentials A(x) and V(x) 
which decay to as |x| — > oo. 

Equation (JTJ) describes a charged quantum particle subject to external electric and 
magnetic fields, and a self-interaction (nonlinearity) . Such nonlinear Schrodinger equa- 
tions find numerous physical applications, for example, in Bose-Einstein condensates and 
nonlinear optics. 

Just as for linear Schrodinger equations 

id t ip = (-A + 2iA-V + t(V-A) +V)ip, (4) 

an important role is played by standing wave solutions (or bound states) 

iP(x,t) = e iEt Q(x) (5) 

of ([T]). Existence of standing waves to equation ([T]) for certain electrical and magnetic 
potentials was first proved in pQ. 

Here we consider small solutions of the form (jSJ) which bifurcate from zero along an 
eigenvalue of the linear Hamiltonian operator 

H = -A + 2iA-V + i(y-A) + V. (6) 

Physical intuition suggests that the ground-state standing wave (the one corresponding 
to the lowest eigenvalue E) should remain stable when the self-interaction (nonlinearity) 
is turned on, and indeed should become asymptotically stable (that is, nearby solutions 
should relax to the ground state by radiating excess energy to infinity - see below for a 
more precise statement). When only one bound state is present, this was first proved in [7] 
for scalar potentials (A = 0) and well-localized perturbations of the ground state. Later 
works addressed the more complicated situation of multiple bound states (e.g. [TT] ,[5]). 
For merely energy-space (i.e. iJ x (R 3 )) perturbations of the ground state, asymptotic 
stability was proved in [5], again for scalar potential (A = 0). The main goal of the 
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present paper is to prove asymptotic stability of the ground state, in the energy space, 
and in the additional presence of the magnetic field. 

Remark 1. Our argument should also go through for nonlinearities g(ip) = ±\ip\ p ~ 1 ip 
for 1 + 4/3 < p < 5. For concreteness, we will work with g{ip) = ±\vjj\ 2 ijj. 

In order to ensure the operator H is self adjoint, we make the following assumption, 

Assumption 1. (Self-adjointness assumption) We assume that each component of A is 
a real-valued function in L q + L°° for some q > 3 that V- A G L 2 + L°° , and that V is a 
real-valued function in L 2 + L°° . 

Then by Theorem X.22 of [13], the operator H is essentially self-adjoint on C^°(M 3 ). 

Assumption 2. (Spectral assumption) We assume that H supports only one eigenvalue 
e < which is nondegenerate. We also assume is not a resonance of H (see e.g. ^ 
for the definition of resonance). 

We need the following assumption to show the existence and exponential decay of the 
nonlinear bound states. 

Assumption 3. (Assumptions for existence and exponential decay of nonlinear bound 
states) We assume 

||^||L«+L«'(|a:|>.R) + || 1 ^_|| L 2 +LO o(| a; | > .R) ~> as R OO (7) 

for some q > 3. 

Under the above assumptions, we have the following lemma on the existence and 
decay of nonlinear bound states. Let 0o > be the positive, L 2 -normalized eigenfunction 
corresponding to the eigenvalue e of H. 

Lemma 1. (Existence and decay of nonlinear bound states) For each sufficiently small 
z G C, there is a corresponding eigenfunction Q[z] G H 2 solving the nonlinear eigenvalue 
problem 

HQ + g{Q) = EQ (8) 
with the corresponding eigenvalue E[z] = e + o(z) and Q[z] = z<p + q(z) with 

q(z)=o(z 2 ), DQ[z] = (l,i)0o + o(z) and D 2 Q[z] = o(l) in H 2 (9) 
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where we denote 

d d 

DQ[z] = (D 1 Q[z],D 2 Q[z]) = (^-Q[z], ^-Q[z]), and z = z, + iz 2 . (10) 

UZ\ OZi 

Furthermore, Q has exponential decay in the sense that 

e^Q e H 1 n L°° (11) 

for some f3 > (independent of z). 

Next, we need assumptions on A and V which ensure our linear Schrodinger evolution 
obeys some dispersive estimates. For f,g£ L 2 (M. 3 , C), define the real inner product (/, g) 
by 

(f,g) = *t([ hdx). (12) 



Denote (x) = (1 + |x| 2 )z and fix a > 4. Let P c be the projection onto the continuous 
spectral subspace of H. Following [3], we have: 

Assumption 4. (Strichartz estimates assumption) We assume that for all x, £ G M 3 , 

\A(x)\ + (x)\V(x)\<(xy l ~% (13) 
(x) 1+e 'A{x) e vH> 6 (R 3 ), (14) 

and 

A e C°(R 3 ) (15) 
for some e > and all sufficiently small e' € (0, e). 

Define the space-time norm 

UWx = IK^-^IUf^ + ll^ll^^ + ll^lUr^- (16) 

We can now state the main result, which says that all iJ 1 -small solutions converge to a 
solitary wave (nonlinear bound state) as t — > oo: 

Theorem 1. (Asymptotic stability of small solitary waves) Let assumptions^ [3] and 
[7] hold. For < t < oo, every solution ip of equation ([I]) with initial data ipo sufficiently 
small in H 1 can be uniquely decomposed as 

m=Q[z{t)]+v{t), (17) 
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with differentiable z(t) G C and rj(t) G H 1 satisfying {irj, DiQ[z}) = 0, (irj, D2Q[z]) = 
and 

WvWx < WMm, \\z + iE[z]z\\ L i < (18) 
Furthermore, as t — >■ oo ; 

z{t)exp{i [ E[z{s)]ds) -> z+, E(z(t)) E{z+) (19) 
Jo 

for some z + G C and 

Ih^-e^'Vlk^O (20) 

for some r] + G H\ D Range(P c ) . 

For comparison, consider the nonlinear Schrodinger equation with just a scalar po- 
tential V, 

idtif> = (-A + V)if> + g{ip) (21) 

for the same nonlinearity g as above, which is a special case of equation ([1]) with A = 0. 
The corresponding asymptotic stability result for (12 ip was obtained in dimension three 
in [5], in dimension one in [9] and in dimension two in (TfJl E] . Our approach for equation 
(JT]) will be similar to that in [5], which uses the Strichartz estimates 

\\e^- v ^PMx < W\m (22) 

and 

II f e^^P c F{s)dsU < \\E\\ L2wl e (23) 

where X = L^H 1 fl LfW 1,6 fl L^L e ' 2 , which are known to hold for a class of scalar 
potentials V. Our approach will use the Strichartz estimates for H from [I]. However, 
the proof of jl] of the inhomogeneous Strichartz estimates 

|| f e^ H P c F(s)ds\\ L , L , < \\F\\ L ? Lt (24) 

for H = —A + 2iA- V + i(V- A) + V uses a lemma from [2] which does not hold for 
the endpoint case (q,p) = (2,6) or (q,p) = (2,6). To overcome the lack of endpoint 
Strichartz estimates, we will use estimates in weighted spaces, as in j9] and [TO] . 

Section [2] is devoted to the proofs of the various linear dispersive estimates needed 
for the asymptotic stability argument. In addition to the estimates taken from [1], we 
need to establish estimates in weighted Sobolev spaces, which require some work. We 
will prove the following theorem. 
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Theorem 2. We say that (p, q) is Strichartz admissible if 

2 3 3 

- + - = - with 2<p<Q. (25) 
q p 2 ~ y K J 

If (QiP) an d (PiQ) are Strichartz admissible, then 

|| J e^ H P c F(s)ds\\ LqtW ,, P + || J e^ H P c F(s)ds\\ L i m (26) 

< min(||(x} CT F|| i? ^,||F|| ifV x,,0. (27) 

The asymptotic stability theorem is proved in section [3] Finally, the existence and 
decay of nonlinear bound states (Lemma [I]) is given in an appendix. 

2 Linear estimates 

The following lemmas |2] and [3] are from jl] : 

Lemma 2. (Non-endpoint Strichartz estimates) Under assumptions^ and [H, if (p,q) 
and (p, q) are Strichartz admissible, we have 

¥ tH P c f\\ L «Ll < ||/|U W (28) 

and 

|| f e^ H P c F{x)ds\\ LlLl < \\F\\^ Lt . (29) 

J —oo 1 x 

Notice that the above does not include the L^-norm. Fix a > 4. 
Lemma 3. (Weighted homogeneous L\ estimates) Under assumptions^ and\B, we have 

ll(x)- CT e-^/|| L?LE < ll/Hxa, (30) 

and 

snp(\)\\(x)^(H - (X 2 + t0)y 1 (x)^\\ L2 ^ L 2 < 1. (31) 

A>0 

The weighted resolvent estimate of lemma [3] implies weighted inhomogeneous esti- 
mates for the linear evolution: 

Lemma 4. (Weighted L\ inhomogeneous estimates) Under the assumptions of lemma\^ 

W a [ t e l{t - s)H P c (x)-F(s)ds\\ L ^ < \\F\\ LiLi . (32) 
Jo 



Proof. For simplicity we may restrict to times t > 0. By Plancherel, we have 

\\x { t>o}(x}-' 7 f e^ H -^P c (xr°F{s)ds\\ L . 
Jo 

e itT (x)- <T ( / e i[t - s){H - ie) P c (x)-°F{s)ds)dt\\ L 2 



'0 J 

Next, change the order of the ds and dt integral and use that 



dte it{H - T - ie) P c (x}~ a F(s) 

\{H-r- ie)- l ^ H - T - ie) \ t =fP c {x)- (T F{s) 
— {H - t - ie)- 1 e is{H - T - ie) P c (x)- a F{s), 



we get 



||X{t>o}(x)- CT / e^ H ^P c (x)^F(s)ds\\ L 2 
Jo 

poo _1 

= IKx)-* / c/ se - ls(H - ie) — (/J-r-ie)- 1 e is( ^- r - ie) P c (x)- fT F(s)|| L 2 
Jo * 

/"OO 

= IKsJ-^fT-r-ie)-^)-' / dse- isT F(s)\\ L 2. 

Jo 

If we take the L^-norm of both sides, we get 

||<*)- CT f e^ H+ ^P c (x)-°F{s)ds\\ L , Ll 
Jo 

POO 

< \\{x)~'(H-T + i€)- 1 P e (x)-' dse-^F(s)\\ L 2 L 2 

Jo 

poo 

< sn V \\(x)- a {H - r + ie)- 1 P c (x)^\\ L ^ L 4 / dse~^ F{s)\\ L%Ll 

r Jo 

< ||F|| L 2 L 2 by Plancherel and Lemma [3j 
Now sending e to 0, we have 

IK*) - * f e^ H P c {x)-F{s)ds\\ L , Ll < \\F\\ LiLl 
Jo 

as needed. 



Lemma 5. (Mixed Strichartz weighted estimates) Let (q,p) and (p,q) be Strichartz ad- 
missible. Then 

II fe i{t - s)H P c F{s)ds\\ LlLl + \\(x)-° j\^ H P c F{s)ds\\ L * Li (47) 
< min(||(x) CT F|| L?i ,,||F|| LfLr ). (48^ 



Proof. First, 

poo poo pOO 

|| / e- isH P c F{s)ds\\ 2 Ll = ( / e~ isH P c F(s)ds, / e~ ltH P c F{s)dt). (49) 
Jo Jo Jo 

Moving the integrals through the inner product and rearranging the terms, we get 

POO 

|| / e- isH P c F(s)ds\\ 2 Ll (50) 

poo poo 

= / ds(P c F(s), / e-^ H P c F(s)dt) (51) 
Jo Jo 

poo poo 

= / ds(( X yP c F(s),(xr° e- l ^ H P c F(s)dt) (52) 
Jo Jo 

by Holder inequality (53) 

POO 

< \\{xYP c F{ S )\\ LlLl ||(x)- CT / e-^ H P c F{s)dt\\ LiLi (54) 

Jo 

and by lemma H] (55) 

< \\{xYP c F{s)\\l* Ll . (56) 

Hence, 

poo poo 

|| / e^ H P c F(s)ds\\ LPtLl = || e «* / e -^P c F( S )d S || ifL| (57) 
Jo Jo 

/oo 
e- isH P c F(s)ds\\ L 2 by lemmas (58) 

< ||(x)^( S )|| L , L? . (59) 



(60) 



Now, by a lemma of Christ-Kiselev (see [2]), we have 

II f e^- s)H P c F{s)ds\\ LlLl < \\(xYF{s)\\ LlLl . 
Jo 

Next, let (xyg(x,t) G L\L\. Then 

((xy g (x,t),(x)- a e i{t - s)H P c F(s)ds)dt (61) 



POO POO 

/ (g(x,t), / e^ H P c F(s)ds)dt (62) 
Jo Jo 

(63) 



Moving the integrals through the inner product and rearranging the terms, we 

((x) a g(x,t),(xy a / e^- s)H P c F{s)ds)dt 
Jo 

poo poo 

/ ds( e^ H P c g(x,t)dt,F(s)) 
Jo Jo 

by Holder inequality 



< 



< 



poo 

/ e^ H PM^t)dt\\ Lni \\F{s)\\ LqlLpl 
Jo ' x 



~ ii^lli^fll^JII^' 

Hence, 

poo 

WY° \ e^ H P c F{s)ds\\ L , Ll <\\F{s) 
Jo 

Again, by the lemma of Christ-Kiselev, we have 

IK*)"* f e^ H P c F{s)ds\\ LlLl < \\F(s)\\ Lq , LP , 
Jo 4 x 

Now by lemma [2] and lemma HJ we have shown lemma 

Lemma 6. (Derivative Strichartz estimates) Let p > 2 and let 

Hx = H + K = - A + 2iA • V + i(V • A) + V + K 

for a sufficiently large number K . Then H\ is a positive operator on L p , and 

i 

||0|| w i,p ~ \\H^cj)\\ LP . 

From this, it follows that 

\\e- itH f\\ Lfw ^ < WfWm 

and 

II f e %{t ~ s)H P c F{s)ds\\ LqtW , v < \\F\\ Lfw y, 

J 

for Strichartz admissible (q,p) and (p,q)- 
Proof. We would like to first show 



ir 



i,p ~ \\H?(j)\\ LP for G W hp . 
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Clearly ||0||vk°.p = ||0||lp = \\Hi4>\\lp- We will show in the appendix that for K large 
enough, H\ is a positive operator on L p , and 

\\4>\\ W 2, P ~ \\H l( p\\ LP . (76) 

By Theorem 1 of [3], there exist positive numbers e and C, such that is a bounded 
operator on L p for — e < t < e and \\Hf\\ < C . Therefore the hypothesis of section 1.15.3 
of [12] holds and we have that 



[DiH^DiH^^DiHf). (77) 
Using that D{H{) = W 2 ' p , D(H°) = U> and [W 2 > p ,]J>]i = W 1 *, we find that 

D{Hf) = W 1 *. (78) 

i i 
Now by section 1.15.2 of [12], is an isomorphic mapping from D(H^) = W ,p onto 

L p . Therefore, we have 

(79) 



\W 1 'P ~ 



Finally, 



f e ^-s)Hp cF{s)d4 = || || r e i(ts)Hp cF{s)d4 || (g0) 

JO Jo 

~ || f e l ^ H P c F(s)ds\\ Ll \\ L < (81) 



[ t e i ^ H P c HfF(s)ds\\ LP J L , 
Jo 



12) 



< \\H?F\\ l?l9 , (83) 

~ II^ILfv^ ( 84 ) 

□ 

For s G R, denote the norm ||0||(a;} s L 2 by 

= \\(x)-<l>\\v> (85) 

and the norm ||0||^^^i by 

||0||(x->^i = ||0||<x}sL2 + 1 1 V(j) 1 1 ( x )s L 2. (86) 

Next we need derivative version of the weighted estimates of Lemma H] - this is given in 
Lemma ([9]) below. First, we need two preparatory lemmas. 
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Lemma 7. For t > 0, let A t (x) = ^j-A(^) and V t {x) = \V{-fy. Let 

H = -A + 2iA t • V + z(V • A t ) + K + -AT + 1. (87) 
T/ien t/iere exists T > swc/i sup t>T ||iJ _1 ||L2^#2 < oo. 
Proo/. Take t > 1. For e L 2 , let = H~ l (j>. Then 

11011a = ((-A + 2iA t -V + i(V-A t ) + Vt + ^K + l)h, (88) 

(-A + 2iA t • V + i(V • A) + K + i/f + (89) 

= ||A/i||2 + ||/i||2 + || A • V/1H2 + 2||V/i||| + F (90) 

> ||A/i||I + ||/i||* + F (91) 

(92) 

where F denotes the rest of the terms, and recall that q > 3. We would like to show that 
every term in F is bounded by ||/i||^ 2 - Here, 

|F| < 2\\(Ah)(A t - Vh)\\ 1 + 2\\(Ah)(V-A t + V t +jK)h\\ 1 (93) 

+2|| [A t (V ■ A t + V t + - t K)\ ■ (V/^Ui (94) 

+2\\A t ■ (Vh^W, + 2||(A + V t + ^K) 2 h% (95) 



Here, 



||(A/,)(A t - V^IU < ^||M|| 2 ||(A(-^)|U- +z «(||V/i|| 2 +||V/i||^ i ) (96) 

where — ^— < 6 (97) 
q — Z 

< ^||AA|| 2 ||(A(^)|| z - +z ,(||V/i|| 2 +||A/i||1||V/i||?) (98) 

< r^||M|| 3 ||il|| i - +w (||Vfc|| 3 +||M|||||V/i||/ a ), (99) 

(100) 

\\{Ah){(V-At) + V t + ~K)h\\ 1 (101) 

< JllA^dKv-^^iu^ + nn— )||L-+L» + iO(IN a + INoo) (102) 

< *T||A/i|| a (||V ■ A|| Loo+L2 + ||V|U« +La + J0(||/i|| 2 + II^IIIIIA/illl). (103) 

(104) 
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Similar bounds hold for the other terms of F . We conclude that 



I > (1 + o(l))\\h\\ 2 H2 as t -> oo. (105) 
Hence, for all t large enough, we have 

Nik < Ml (106) 

□ 

Lemma 8. Let Hi be as in lemma\^ For <fi G L? and t > 0, we have 

iiv^+rviu^a+ir 1 !!^- (lor) 

Proof. For G L 2 , let ^ = (i?i + For t bounded away from zero, define ip by 

^( x ) = i^(y^x). Then Ai[)(x) = A$(y/ix), V^(x) = ^V^(V*aO and 7(z)V>( 



^V(x)^(-\/tx) and 

(H^)(Vix) = <j){x). (108) 
Replacing x by ^= and inverting if, we get 

^(x) = H- l <f>{^=). (109) 

Hence, 

= -^H-^i—^Vtx) (110) 

and 

v^(x) = -L[v(#)-V(-^)](Vtx). (in) 

By Lemma d || if -1 Hz^^ is uniformly bounded for t>T. Therefore, 

IIW(*)|| 2 = ||^[V#-V(^)](v^x)|| 2 (112) 

= tTr-3||V^-V(-^=)||2 (113) 
yt 



< t^WVH-'W^Ui— )|| 2 (114) 

= H||0|| 2 (115) 

Therefore, for t > T, 

HV^ + ^-Vlh^Hll^la (116) 

and the lemma follows. □ 
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Lemma 9. (Derivative weighted estimates) Let Hi be as in lemma\^ We have 

~ \\HUWw for s E R. (117) 

From this, it follows that 

f e i{t - s)H P c F{s)ds\\ LlHl < \\{xYF\\ qHl . (118) 
Jo 

Proof. Since H/H^h 1 = || {x)~ s f\\L 2 + || V(ic)~ s /IU 2 > to show the lemma, it suffices to 
show 

\\(xr s H;^(x) s \\ L 2^ L 2 <oo (119) 

and 

||V(x)- s i/r"(^ s ||L^<oo. (120) 

The second bound above is the harder of the two. We will show the second bound and 
the first one follows by a similar argument. First, 

V(x}- s H^(x} s (f) = VH^<f) + V{x)- s [H^,{x) s ](/) (121) 

_1 __L 

Now 'VH l 2 is bounded from L 2 to L 2 since H 1 2 maps from L 2 to H 1 while V maps 
from H 1 to L 2 . 

For the second term, we use H^ = J °° + t)' 1 and [(Hi + (x) 3 } = (Hi + 

ty l [Hi + t, (x) s }(Hi + ty 1 to get 

_i r°° dt 

V(x)- s [H;\ (x) s ] = V(x)- S J -j,(Hi + ty l [Hi + t, (x) s ](Hi + t)- 1 (122) 

Recall that 

Hi = -A + 2iA ■ V + i(V ■ A) + V + K, (123) 

so 

[Hi+tyx) s ] = (-A(x) s ) -2(V(x) s ) • V + 2L4- (V(x) s ). (124) 
Let #(x) = (-A(x) s ) + 2iA • (V(x} s ) and = -2(V(x) s ). Then 

V<x)-[^ 3 , (x) s ] = V(x)~ s jf + ty 1 (g(x) + h(x) • V)(#i + t)" 1 . (125) 
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Since g(x) < (x) s \ we rewrite the g(a;)-part of the above as 

f°° dt 

v(x)-y o _(# 1+ t)-\ 7 (x)(i/ 1 +tn i (126) 

r°° dt 

= v y o ^ X )^g^ Hl +tr\H l+ t)- 1 (127) 

r°° dt 

+V(x)- S J -^(H, + ty^H, + t, ^(fTx + t)- 1 ^ + t)- 1 (128) 

The first part of the above sum is bounded. For the second part, writing [Hi + 1, g{x)] = 
g(x) + h(x) ■ V as before , we can iterate the above process until g(x) < 1. Since 
h(x) < (a;) s_1 , so by the similar argument, we have 

r°° dt 

V{x)~ s - T (H 1 + t)- 1 h{x)-V{H l +ty 1 (129) 
Jo Vt 

= v/ -^(x^h^^ + ty'v^ + t)- 1 (130) 

Jo Vt 

f°° dt 

+v{x}~ s -^(H 1 + ty 1 [H l + t,h(x)}(H 1 + ty 1 v(H 1 + ty 1 (131) 

Jo Vt 

As before, the first part of the above sum is bounded. For the second part, [H\ +t, g{x)} = 
g(x) + h(x) ■ V as before , we can iterate the above process until h(x) < 1. As a result, 
it suffices to consider 

r°° m 

- : ((H 1 + t)- l ) m (132) 



lo Vt 
and 

r °° dt 

:((#!+ trMi/i+trT (133) 



lo Vt 

for m > 1. Now by lemma [8], both of the expressions above are bounded in L 2 . □ 

Now, to prove theorem El apply lemma [6] and [9] to lemma [5], we get the result. 
Finally, we need a lemma from [5] for the projection operator P c onto the continuous 
spectral subspace. 

Lemma 10. (Continuous spectral subspace comparison) Let the continuous spectral sub- 
space % c [ z ] be defined as 

H c [z] = { V e L 2 \(irj, D\Q[z\) = (iv,D 2 Q[z\) = 0}. (134) 
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Then there exists 5 > such that for each z G C with \z\ < 5, there is a bijective operator 
R[z] : Ran P c — > H c [z\ satisfying 



Moreover, R[z] — I is compact and continuous in z in the operator norm on any space Y 
satisfying H 2 n W 1 ' 1 CYc H~ 2 + 

The proof of lemma [10] is given in lemma 2.2 of [5|. We will use lemma [10] with 
Y = L 2 . 

3 Proof of the main theorem 

Lemma [1] gives the following corollary which will form part of the main theorem. 

Lemma 11. (Best decomposition) There exists S > such that any ip e H 1 satisfying 
W^Wh 1 — <5 can 6e uniquely decomposed as 



where z e C, r] e H 1 , (irj,DiQ[z\) = (irj, D 2 Q[z\) = 0, and \z\ + \\r]\\m < ll^ll// 1 - 

The proof of lemma [11] is essentially an application of the implicit function theorem 
on the equation B(z) = with 



P c \ Hc[z] = (R[z}) 



(135) 



if} = Q[z] + 7] 



(136) 



B(z) = (B 1 (z),B 2 (z)), B 3 = {i^-Qlz])^^]) for j = 1,2. 



(137) 



Details can be found in lemma 2.3 of [5]. 
Now, we prove theorem [TJ 



Proof. Substitute 



m = Q[*{t)]+v{t) 



(138) 



into equation (jT| to get 



i(DQz + d t rj) 



HQ + Hr] + g(Q + rj) 



(139) 
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where for w G C, we denote DQ[z]w = D\Q[z]^tw + D2Q[z]£sw. Since HQ + g{Q) = EQ 
and DQ[z]iz = iQ[z] (since <5[e ?Q 2;] = e ia Q[z] for a 6 1), we have 

id t rj = Hri-iDQz + EQ-g{Q) + g{Q + ri) (140) 
= Hr]-iDQ(z + iEz)-g(Q)+g(Q + 7]). (141) 



We can write this as 



where 



In integral form, 



Let 7] c = P c rj. Then 



id t rj = Hr] + E (142) 
F = g(Q + ri)-g(Q)-iDQ(z + iEz). (143) 

rj(t) = e- itH (r)(0) - i [ e lsH F{s)ds). (144) 

(145) 



ii 



rj e = e - itH P cV {0) - i [ e l{t - s)H P c F{s)ds. 
Jo 

Then for fixed a > 4, since rj = $l[z]r] c , we have 

(146) 

!h(0)lk + || [\- l{s - t)H P c (F(s)-2Q\ V f-Qr ] 2 -\ V \ 2 r ] )ds\\ x (147) 
Jo 

+ || / e-^-^P c (2QM 2 + Q V 2 + \ V \ 2 v)ds\\x (148) 
Jo 

< ll^(0)||m + || [ t e^ s - t)H P c (F(s)-2Q\ V \ 2 -Q V 2 -\ V \ 2 r ] )ds\\ x (149) 



X < hcWx 



< 







+\\Qn>\\ L i w ,% + h*\\ 4wl .%. (150) 

(151) 



For ||Q?7 2 || 3 ^is, we have 



ll^ 2 || 3 IS = HQ^II 3 IS +\MQ V 2 )\\ 3 IS (152) 

< ll(IQI + |VQ|)r/ 2 || 3 is + ||Qr/V7?|| a is (153) 

< \\Q\\ L rw-4v\\\ f + \\Qh r L°\\ri\\ T3T f\\Vv\\ T3T f (154) 

L t L x L t L x L t L x 



< \\Q\\ Wx 4v\\x- (155) 
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For m 3 1 is , we have 



< \\V 3 \\J L % + h 2 Vr/|| 3 is 

< \W\\ L * L lh\\ L ^ + \W\\ L3L l HViyll^ 



2 



Now, using ||77|| 9 < ||Vr/||2 2 |hl| 2 i8, we get 



£3: 



1 



So 



Together we have 



II^ILi^ < llVr/IU^hH 2 1>f <||*. 



X 



< lh(0)lk + || r e - i(s - t)H P c (F( S )-2g|r ? | 2 -Qr / 2 -|r ? | 2 r / )rf S 
Jo 



+IMUHI* + II* 

< llrjCmiU,! + IhFfVl - ^Olnl 2 - On 2 - \n\ 2 7 



\\vm\m + \\(F(s) - 2QM 2 - Q7] 2 - \v\ 2 v)\\LU*)-°m 



+11* + 11* 

Next, for g(ip) = \ip\ 2 ip, 

\\(F-2Q\ V \ 2 -Q V 2 -\ V \ 2 V )\\ LUx) -„ Hlx 
= \\Q 2 f] + 2\Q\ 2 V - iDQ{z + iEz)\\ L 2 {x) -, H t 
< \\(x) 2 °Q 2 \\ w i,~\\r]\\ L 2 {x) a H i + \\DQ\\ {x) -« H i\\z + iEz\\ L 2. 

Next, we would like to bound (i + Recall that we imposed 

(W7,^QH)=0 and (177, ^-Q[*]> = 

through Lemma fTTl By Gauge covariance of Q, we have 

Q[e ia z] =e ia Q[z}. 
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So for z = z\ + 1Z2, 

Q[z] = e ia Q[\z\ 2 } where a = tan- 1 (— ). (171) 

Here Q : M+ R. So 

d zl Q = 9 ft (e ia )g + 2^e ia Q' = e ia z(<9 2l a)g + 2^e ia g' = z(9 zl a)Q + 2z x e ia Q' (172) 
and 

9 Z2 g = d Z2 {e ia )Q + 2^ 2 e iQ g / = e ia i(d Z2 a)Q + 2z 2 e ia Q' = i{d Z2 a)Q + 2z 2 e ia Q'. (173) 

So 

= (ir), -z 2 d Zl Q + z x d Z2 Q) = (77, -z 2 (d zi a)Q + zi{d Z2 a)Q) (174) 
= (-z 2 (d Zl a) + Zl (d Z2 a))(ri,Q) = (ri,Q). (175) 

Now differentiate {irj, ^Q[z]} = and (irj, -^-Q[z\) = with respect to t and substitute 
id t r) = Ht] + F, we get 

= (i^—Q^J + ^D— Qz) (176) 
= (Hri + F,— Q[z]) + (i V ,D — Qz) (177) 



(178) 



Recall that F = g(Q + 77) — g(g) — iDQ(z + iEz). Therefore, we have 



= (Hr J + g(Q + r 1 )-g(Q)-iDQ(z + iEz),—Q[z}) + (ir J ,D—Qz) (179) 
= ((#77 + ^g{Q + er/)| e=0 ) + (</(Q + 77) - g{Q) - d° e g(Q + e V )) (180) 

-iDQ{z + iEz), g^Q[z}) + (iv, Dg-Qz) (181) 

(182) 
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From the above, we get that 



MQ + v)~ g(Q) - d° e g(Q + en)), ^Q[z}} 
d 

(-iDQ{z + iEz),—Q[z]) 

OZj 

+ ((Hr ] + d^g(Q + er ] )),^Q[z}} 
d 

+(irj,D—Qz). 



Let Hr] = Hrj + d®g(Q + erf)- By the symmetry of % and differentiating equation (JSJ) by 



Zj, we have 



^^> = <^ W ^> = ^Q) + (^E) M ) 

= (i V ,E^DQtz} 

dzj 



using (n,Q) = and DQ[z]iz = iQ[z]. So 



MQ + v) - g(Q) - d° e g(Q + en)), ^-Q[z]) 

(-iDQ(z + iEz), ^-Q[z\) + (in, E^-DQiz) + (i v , D^-Qz) 

OZj OZj OZj 

(-iDQ(z + iEz), — + (i77, {D—Q){z + iEz)) 



For #0) = M 2 ^, 

^(g + er / ) = g 2 r ? + 2|Q|V 

Therefore, 

g(Q + v)-9(Q)-%g(Q + eo) = \Q + v\ 2 (Q + v)-\Q\ 2 Q-Q 2 v-2\Q\ 2 v 

= 2 q\ v \ 2 + Q v 2 + \ v \ 2 n 
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183) 

184) 

185) 

186) 
187) 



188) 
189) 
190) 



191) 

192) 

193) 
194) 

195) 



196) 
197) 
198) 



Since 

(^Q,^Q)=J-A; + o(l), (199) 

we have that 

\z + iEz\ < |(2g|r/| 2 + gr/ 2 + DQ}\(1 + ||r/|| L2 ). (200) 

Therefore, 

\\z + iEz\\ L 2 (201) 

< ||(2g|r ? | 2 + gr/ 2 + |7 ? | 2 r / , J DQ)|| Lt2 (l+||r / || Lr , ii ) (202) 

< {\\QDQH 2 \\lIli + \\DQ\rj\ 2 rj\\ L , Ll )(l + \\v\\l™li) (203) 

< {\\QDQ\\ LrLl M\liLi + IWIU^JMlWt 1 + IklU^g) (204) 

< (\\QDQh rL >\\v\\L H M\\ ^ + \\DQ\\ LTLi U\l r mH\ l l a) (205) 
(l+IMUfi*) (206) 

< + (207) 



For IMUfi*, we used 
For ||r/|| L 6 L 4, we used 



1 3 



< HV^hllV (208) 
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L^llV^HiUhll^. (209) 
Putting the preceding estimates together we have 

IMU < hm* + II^WIMMU + hfx + IMIi, (210) 

and since || (x) 2a Q 2 \\ L ™ « 1, 

NU< 6-0177(0)11^ + 11*+ Nil] (211) 

for some constant C > 1. 

Now, let Xt be the norm defined by 

W\x T = ||<a,>-^lU ? ao,^],^) ~K 11^11^3^^,^^) + N^IU^Cfo,^],^) (212) 
Fix the initial condition ||^(0)||x to be small enough so that 

||i7(0)||fli < ^ (213) 
20 



Let 

T x = sup{T > : \\t]\\ Xt < ^} > 0. (214) 



Then for < T < T x 



< 77^ + 77^ + 77717^ < 77/77> ( 215 ) 



showing that T\ = oo. 

Next, we would like to bound \\z + iEz\\ L i. We have 

\\z + iEz\\ L i (216) 

< ||(2g|r / | 2 + Qr/ 2 + |^V J Dg)(l+||r/||L i )||L il (217) 

< (\\QDQ\v\ 2 \\lIlI + WDQl^W^Jil + \\r,\\ LrLl ) (218) 

< {\\{x) 2a QDQ\\ L?LT \\{xr 2a ri 2 \\ LlLl + \\(xYDQ\\ LrL ~\\(x)-W\\LlLl) (219) 
(1+IMk-J*) (220) 

Here, the factor || (x)~ a r] 3 \\ L i L i can be bounded by 

iK*>-viii4i4 < \\^r a v\\L^i\\v\\% Li ) < ik^-^ii^ii^iiWii^ii 1 , f ( 221 ) 

Putting everything together, we have 

\\z + iEz\\ Ll <\\ V \\ 2 x +\\ V \\i (222) 

Therefore, |<9 t (e^o E ^ ds z(t))\ = \z + iEz\ E L\. This means that lim^ e^o E ( s ) ds z (t) 
exists. Since |e*^o • E ( s ) ds 2;(t)| = \z\, lim^oo \z(t) \ exists. Furthermore, E is continuous and 
E(z) = E(\z\), so ]im.t->. 00 E(z(t)) exists. 

Finally, let H = -A + 2iA- V + i(V- A) + 1/. So 



Vc(t) = e UH ( Vc (0) - i f e- lsH P c F(s)ds) 

Jo 



(223) 



By Strichartz estimates as above, we have 



e- lsti P c F{s)ds\\ m < \\F\\ X (224) 
as T > S — > oo. Therefore, J °° e~ lsH P c Fds converges in H 1 , and 

POO 

lim e- itH rj c (t) = rj c (0) - i I e~ isH P c F{s)ds =: rj + (225) 
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for some 77+ G H 1 . From this, we get that rj c (t) converges to weakly in H±. Now, 
by compactness of R[z(t)] — I, we have that %(£) := rj(t) — r] c (t) = (R[z(t)} — I)rj c (t) 
converges to strongly in H 1 . Therefore 

\\r](t) -e itH ri + \\ H i ^ 0. (226) 

□ 



A Nonlinear bound states 

The following is the proof for Lemma HJ the existence and exponential decay of nonlinear 
bound states. 

Proof of existence of nonlinear bound states: 
For each small z G C, we look for a solution 

Q = z<j>o + q and E = e + e' (227) 

of 

(-A + 2iA V + z(V- A) + V)Q + g(Q) = EQ (228) 

with (0o, q) — and e'6l small. 

Let H = -A + 2L4- V+i(V- A) + V-e . If we substitute Q = z(p + q and E = e + e' 
into equation f)228p . we get 

H Q q + g{z<p Q + q) = e\z<j) Q ) + e'q. (229) 
Projecting equation (I229P on the cj)o and 4>q directions, we get 

e>z = (<p ,g(z<p + q)) (230) 

and 

H q = -P c g{z<j) + q) + e'q. (231) 

Now, let 

K = {(q,e') EH 2 ± x R\\\q\\m < \z\ 2 , \e'\ < \z\} (232) 

for sufficiently small z G C where H\ = {q G if 2 |(g,0o) = 0}. Also, define the map 
M : (q ,e' ) ^ (gi,e;) by 

5-0 := fi-(#o + ?o), (233) 
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ze[ := (0 o ,<7o) (234) 

and 

gi ^^(-Pcgo + e^o)- (235) 
Now if (g , e' ) e i^, we have 

|zei| = |(0 o ,go)| = |(0 o ,g(#o + go))| = |(0o, |#o + g | 2 (#o + g ))| < 0(z 3 ) (236) 

and 

hiWrn < II - Pc9o + e g ||L 2 < \\goh* + |e |||go||^ < 0(^ 3 ). (237) 

Therefore, \e[\ < 0(z 2 ) and \\qi\\ H * < 0(z 3 ). This shows that M maps .ff into K for 
sufficiently small z. 

Next, we would like to show that M is a contraction mapping. Let (a±, b\) := M(g , e ) 
and (a 2 , 6 2 ) := M(g 1; e^) with g^ = g(z0o + Qj) for j = 0, 1. Then 

Isfo-fei)! = |(0o^o-^i)| (238) 

= |(0 o ,g(^o + go)-g(#o + gi))| (239) 
= |(0o, |#o + go| 2 (#o + g ) - |#o + gi| 2 (#o + gi))| (240) 
< J M\*K + M 2 + |gi| 2 )|g - gil < M 2 ||g - gilU- (241) 

As a, = HQ 1 (—P c g i _ 1 + e^_ 1 g i „i) for 2 = 1,2 and 1 1 -^cT 1 1 1 z, 2 ^.^ 2 < °°, we have 

|K-a 2 ||#2 < ||-P c (gi-go) + e go-eigi||i,2 (242) 

< ||gi -9o\\l* + l e 'o - e illMU 2 + k'lllko - qxWi?- (243) 

Since 

llgi-golU^ = \\g{z<k + qi)-g{z<h + Qo)\W (244) 

< kl 2 H0^(gi - g 2 )IU 2 + klll0o(g 2 - g|)IU 2 + Ik 3 - g|IU 2 (245) 

< kl 2 ||0ollL3||gi - + klll0ollL6||gi + g 2 |U«||gi - felk- (246) 
+ll(|gir + |gig2| + |g2| 2 )||L4||gi-g 2 ||L 4 , (247) 

together, we have 

II «i - ai\\w < |z|||gi - q 2 \\m + M 2 |e' - e[\. (248) 
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Hence, M is a contraction mapping for z sufficiently small. Now by the contraction 
mapping theorem, there exists a unique fixed point (q, e') satisfying H^H^ = 0(z 3 ) and 
\e'\ = 0(z 2 ) as z — > 0. The statements about derivatives of Q and E with respect to z 
follow by differentiating (I229p with respect to z and applying the contraction mapping 
principle again. 

Proof of exponential decay: 

Lemma 12. For e > 0, define the exponential weight function xr by 

e e(\x\-R)_ 1 ifR < \ x \<2R, 



Xr,< 



e e(3R-\x\)_ 1 i f2R<\x\<3R, 

else 



Suppose for e > small enough, f G H 1 satisfies 

\\XRj\\m < C 
for some constant C independent of R, then 

for some e' > 0. 

Proof. For R > 0, \\xR,ef\\m <C implies that 

\\(e^-^-l)f\\ m[ ^<C. 

Since / G H\ 



A\*\-R) 



) f\\ 

e \eR < e e(\x\-R) for | x | £ [lR,2R], SO 



< c 



R 



i < c. 



Ur 



f\\ H 



irS 



So 



| e (i(l e ))(2R) 



/II 



-ff 1 [|i?,2i?] 



<C". 



Let e' = (|(|e)). Using e e ' 2R > e e '^ for |x| G [§i2,2i2], we get that 

W^fWmilRlR] < C 
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(249) 



(250) 



(251) 



(252) 
(253) 

(254) 
(255) 

(256) 



for some constant C independent of R. 



Let e = ~e'. Then 



| e e |.| 



/ll^a.>i) = Ell eeWw /t r ^^),- ( 257 ) 



Now, for each k, since e e = e e e e , taking i? = ^+3- in ( I256p . we have 

C > \\e e 'Wf\\ H 22fe 22(fc+1) (258) 



3 fe > 3 fc+i 



l^'W^lxly-H 2fc a2(fe+i (25Q) 
L-p-> 3 fc+i J 



// 2 2fe // 

> e (« ^)|| e e W/|| jjiraa> 22(fc+1)i . (260) 



3 K ' 3 



fc+1 



This means that, 
Therefore, 



\e e N /II H1[22 , 2 W) <^'e- (e - } (261) 

' 3 fe ' 3^ + 1 J 



ll^ W /IIIn(M>i) = El|e £ " N /|i; i[22fc22 (, +1)l (262) 

fc=0 1 3 fe ' 3*+l 1 

°° // a2 fc+l 

< C' 2 Y,e~ e (263) 

fc=0 

< oo (264) 

□ 

By Lemma fl~2| to show that He^'QHir 1 < oo for some a > 0, it suffices to show that 
HXi^eQII-ff 1 < C f° r some constant C independent of R. Here, is the exponential 
weight function as in Lemma [12] 

Consider the bilinear form 

0) = (V^, V0) + i y (2^A • V0 + $(V • A)(j))dx + ^ V^dx for E H 1 (265) 
associated to the magnetic Schrodinger operator —A + 2iA ■ V + z(V • A) + V. Then 

= (W, W) + z y (2?M • V^ + V^(V- A)4>)dx + J V^dx (266) 
= (W, V^) + 29f( y $4 • V^dx) + y V^dz (267) 
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Set 



b:= lim inf{£(0, 0)|0 G H 1 ,\\<f>\\ 2 = l, <t>(x) = for |z| < R}. (268) 



We will show that b > by contradiction. Suppose 6 < 0. Then there exists a se- 
quence 4>Rj £ -f^ 1 with i?j — > oo, satisfying 110^ || 2 = 1, (pRj(x) — for |x| < Rj, and 
£(4>Rj, <pRj) < 8 for some fixed 5 < 0. 
Suppose V G then 



, V<f> Rj (f) Rj dx < ||\/||oo||0R,||2 = ll^lloo. (269) 

Suppose V G L 2 , then 

Vf Rj( f> Rj dx < \\V\\ 2 \\(f> Ri \\l (270) 
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< ll^lbll^lllllV^III (271) 

< 5(l|V^.|||)Ui(||F|| 2 ||^.||I) 4 (272) 



= *||V^||5 + i||V|B. (273) 
5 

Hence, 

J V(j) Rj (j) Rj dx < 5\\V(fi Rj \\l + |||V|| L oo +i 2 where 6 is sufficiently small. (274) 
Similarly, suppose A e L°°, then 

\{<t> R ,,A.V<f> Rj )\ < \\A\\ 00 \\<f> Rj UV<!> R i\\ 2 = IIAIUIIV^IIa. (275) 
On the other hand, suppose A e then 

U Rj ,A-V<j> Rj )\ < ||A|| (3+e - ) ||0 B ,|| ? (3 ±! )||V^||2 (276) 

1+8 

5 1 3(1+|) 5 3(l+g) 

< PII(3 +e -)H^ll2 ^||V^,||| _fe (277) 

5 3(i+?) 

= PII(3+dlV<MP (3+J) - (278) 



Hence, 



5 3(l + €) 

• V^.)| < P|| L( 3+ E -, +Loo (||V0 R J 2 + HV^III 2(3+E) ), (279) 



in which | — is strictly less than 2 for e > 0. 
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Since supp(0ij j ) C {\x\ > Rj}, by the assumption ||VC||(l 2 +l°°)(|x|>r : ,) — ► and 
||^4||(l 3 ++l°°)(|x|>_r 3 ) — ► 0, / V^tpR^dx and the negative part of S J 4>RjA ■ V0_r converge 
to 0. Hence, the negative part of the energy converges to 0, a contradiction. Thus b > 0. 
So there exists S(R) with S(R) — > b > as R — > oo, such that for any e -ff 1 satisfying 
0(x) = for |x| < i?, we have 

£(0,0) > S{R)\\<f>\\l (280) 

For G H 1 , we have 

5(i?)||X«0||2 < £{xr<P,Xr4>) (281) 
= (Vx/?0, Vx«0) - 23( y x^M • Vx«0rfx) + y y^0Xfl0^-(282) 

If we expand the factor Vxr0, we get that 

(Vxii0, Vxii0) = (0VxR,0VxifJ + 2(0Vx R ,X/?V0) + (xiiV0,Xi i V0) (283) 

and since 9f(/ \<j)\ 2 A ■ Xr^Xr) = 

- 23( y ^0A • V XR 4>dx) = -29f( y x|^4 • V0) - 23( y |0| 2 A • x|Vx«) (284) 

= -2Q{J XR M-V<f>). (285) 

Since 

2(0Vxfl, XflV0) + (xi?V0, x^V0) - 29f( y x|^4 • V0) + y Vx^Xfl^ (286) 

is nothing but £(%^0, 0), we have 

5(^)11x^111 < £(Xfl0,0) + ||0Vx*||l (287) 
= (x^0,^o0) + e o ||Xfl0ll2 + ll0VxR||l (288) 

where # = -A + i(A ■ V + V • A) + V - e . 
From direct calculation, we see that for R > 0, 

IVxrJ <e(x R + l), (289) 

so 

H0Vxi f Jll<6 2 ||0(xi ? + l)||l. (290) 
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Putting everything together, we have 

5(^)11X^111 < (x R <t>, H <P) + (e + e 2 )\\xR<P\\l + ^U\\l (291) 

Since e < and lim^oo 5(R) > 0, for e small enough and R sufficiently large, 
5(R) — eo — e 2 is positive and bounded away from zero. Therefore, we have 

\\XrHI < #00) + e 2 H\\l (292) 

Next, 

\\XrV<P\\1 < \Mxr<I>)\\1 + UVxr\\1 (293) 

< £(Xr<P, Xr<P) + 29f( J XR^A ■ WxrHx) - J Vx~R4XR^dx (294) 

+e 2 U\\l (295) 



(296) 



Since 



and 



3( / X R<pA-V X R4>dx) < IIAIUoc^i^llx^ll^HV^)!!^ (297) 



9f| 



Xr&A-VxrWx) < \\A\\ L 3 ilxl y R) \\ XR (l>\\L4^(XR(p)\\^ (298) 

< \\a\\ L : HIx1 > r) \\ Xr Hh4^(xr<P)\\l^ (299) 



we have that 
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XR<t>A ■ VxrHx) < \\A\\( L oo +L a)Q x \> R) \\xR<j>\\Hi\\V(XR$)\\& ( 30 °) 

< PH(L- + L3)(| a; |>i J )||XiJ0|l^- (301) 

Therefore, 

\\XR^m < £(xr<P, Xr<P) + \\A\\ iL ~ +L3){lxl > R) \\xR^m + \\XR<f>\\l + £ 2 U\\l- (302) 

Now using £(xr<P,Xr<P) = (Xr4>, H (p) + e \\xR(p\\ 2 2 and \\xr<P\\1 < {x R <f>, H <p) + e 2 \\<p\\ 2 2 , 
we have that 

\\XrV<P\\1 < {xl^H^) + PllcLoo+^^i^Hx^ll^ + e 2 !^!! 2 . (303) 
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Since 



2 

H 1 



||V(x0)||i2 = UVxrWl- + ||XfiV0|| L2 < e\\<f>{ X R + + WxrWWi? 
putting everything together, we have that 

\\XR0Wm < (Xr<P,XrHo4>) + e 2 ||0||2+ \\A\\ {L ^ +L 3 ){ \ x \> K) \\xR<j)\\ 
so for R sufficiently large, 

\\XR<P\\m<(XR<P,XRHo<P) + e 2 U\\i 
If we let <fi = <po and use that i^o^o = 0, we have 

llx^olllx < \\Ml = i- 

Next, let 4> = q- Using that H q = —P c g(z4> + q) + e'g, we get 

llXflflllffi £ (XRq,XRH q) + e 2 \\q\\ 2 2 

< (Xfl9, Xr(-Pc9(z<Po + q) + e'q)) + e 2 ||g||" 

< q 9{z(j) Q + q)\\i + e\\x R q\\l + e 2 "' 

As g(z) = \z\ 2 z, we have 



\\x R q g(z^o + q)\\ 



< l^l 3 llxk0olli + \z\V R f<fth + \z\WxWMi + WxWWi 



< \zW R A\\qh + k| 2 ||x|^l| 2 |k 2 || 2 + Mllx^o|| 2 ||W|| 2 

+llxk 2 l| 2 |k 2 l| 2 

< o(z 2 ). 

Hence, 

by (|307D and \\q\\ H 2 = o(z 2 ). 

Next if we substitute = Dq, and use that 

H Dq = -P c Dg(z<p + q) + g/V + e'Dg, 
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we get 

WXRDqfm (318) 

< (xRDq, X RH Dq) + e 2 \\Dq\\l (319) 

< {XRDq, XR{-PcDg{z<P, + q) + qDe' + e'Dq)) + e^D?^ (320) 

< \\xl Dq Dgizfa + g)||i + \\xl Dq q De'W, + e'\\ XR Dq\\l + e 2 ||g||2. (321) 

Here, the first term \\x% Dq Dg(zcj)Q + 9)111 is bounded by 

WxlDqDgizfo + q)^ (322) 

< WxkDqfalzfo + qW (323) 

< ^WxlDq^h + z\\&Dqfiq\\i + ||x|0 o g 2 ||i (324) 

< z^xlDq^lh + zllxlDq^q^ + llxl^h (325) 

< ^llx^gll^llx^oll^ll^ollHi+^ll^^l^lklUillx^ollHi (326) 

< o(z 2 ), (327) 

and the second term \\x% Dq q De'\\i is bounded by 

WxlDqqDe'Wt < \\xRDq\\ 3 \\xRqh\\De'\\ 3 (328) 

< Hx^gll^llXiigll^lpe'll^ (329) 

< o(z 2 ). (330) 

Therefore, 

\\XRDq\\ 2 m <o{z 2 ). (331) 

Hence, by Lemma IT21 and Q = zcj) +q, we have He^'QH^i < oo and He^l-DQHiji < oo 
for some j3 > 0. 

Next, we would like to show Hc^'QHl 00 < oo by bounding || A(e /3 ' x 'Q)|| i 3 + . Since 
|| A(e^Q) ||l°°oi<i) < oo already holds, it remains to show || A(e^Q)\\ L 3 + ^^ < oo. 
Let 7 = | . Using the equation for Q, we get 

< IK^WIIj^ + IKV^J-WJU^^ (333) 
+ ¥ M A • VQ|| i4+(|i|>1) + ||e*l[(V ■ A) + HO|| il+M>1) (334) 
+ll^ l 9«)ll i}+(w>1) + ll^ l ^ll I l +(|l|>1) - P35) 
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Let / and g be such that Ae 7 ' x ' = /(x)e 7 ' x ' and Ve 7 ' x ' = g(x)e" / ^. We can bound the 
first two terms loosely by 

ll( Ae7N ^llzJ+( N >i) £ H^ i7N /(x)|U6 +(N>1) ||e^-lg|| L2 (336) 

and 

IK^ N )-(Vg)|| L 3 + (N>1) (337) 

< ||e-* /,| - | <7(x)||x^( W >i ) ||eW(V0)|| iia (338) 

< lle^l'lgilfli + ||e-^ l ^(x)|| i o 0(N>1) || e ^lQ|| L2 . (339) 

Using similar ways, we can also bound ||e 7 ' a: 'g(Q)|| s , „ , , and ||e 7 ' x '£'Q|| 3 + /l , . 
Next, for \\e^A ■ VQ\\ _s + , we have 

L2 (|x|>l) 

II^' V 0II^>1, ( 34Q ) 

< PlUa^dle^VgiUa^^ + ||e^ N VQ|| Li(N>i) ) (341) 

< ||e^N e ^'l(Vg)|U3 + ||e^lVQ|| L2 . (342) 

We already shown above that \\e^ xl VQ\\ L 2 < oo. To bound He^^e^VQ)!^, let 
h = e^' x '(VQ) and from above, we know that h E L 2 . Now, consider the set 

M = {x\{e~^ x \\h\f > \h\ 2 } = {x\\h\ > e 2 ^}. (343) 

Clearly, 

\\e^ xl e^(VQ)\\ L , iMc) = \\e^h\\ L s {Ma) < \\\h\l\\ L s = \\h\\\ 2 < oo. (344) 
On the other hand, inside M, \e^(VQ)\ > e 2/3 ^ and hence, \VQ\ > e^K Then 

\\e^\e^(VQ)\\ L s (M) < \\e^\VQ\ 2 \\ L s (345) 

< ll|Vg| 2 || L 3 (346) 
= llVQHie (347) 

< W^QWm- (348) 

Hence, we have 

||A(e 7 Ng)|| L 3 + <oo. (349) 

By Sobolev embedding, we have 

||e 7N Q|| L ~ < oo. (350) 
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B Proof of ||0||^v ~ \\Hi(/)\\lp 

Recall that H x = H + K = -A + i(2A ■ V + V ■ A) + V + K. Let 

W = iV ■ A + V + K. 

Then 



\\H l( j)\\ LP < ||A0|| LP + ||^||iP + 2||A ■ V0||, 



< 



(351) 
(352) 



In the above, we bounded \\A ■ V0||lp by ||A||x,oo || V</>||i,p. Next, 



2 

W 2 'P 



< 


\m\h+u\\h 


(353) 




\\(-H l + W + i2A-V)(f)\\ 2 LP + \\ ( j)\\l P 


(354) 


< 


Il^||ip + IWIIL + 2||A-V0||ip + |HIL 


(355) 


< 


\\Hi<t>\\h + 11^11^110111, + 2\\VA\\lU\\l P + II0IIL 


(356) 


< 




(357) 



To bound consider 



|p-2 



• V0. 



(358) 



Taking real parts on both sides, we get 

V0-K(|0r 2 0,-A0)> jw\^>C\\m p (359) 
HV-Ajloo + C + l where C is a large constant that will be used 



*- 2 <f>,H 1 <f>)-2Sl J 



|p-2 



by choosing > 
below. Using that 



r 2 iv0i 2 + ( P -2) / i0r 4 i^((0)v0)i 2 = » / v(^r 2 0)-v0 (seo) 

r 2 0,-A0)>O, (361) 



we get 



p-ll 



'LP 



£T + pii oo ||i^r 2 0V0ii 



L 1 



r 2 iv0i 2 -(p-2) / i0r 4 i^((0)v0)i 



< iwiwwir 1 



I LP 



p-2 



< II^IMHii; 1 ^ 2 



e 2 IH0I^V0|U 2 + 4 



v 

oollVHLP 



(362) 
(363) 

|V0||| L2 (364) 
(365) 
(366) 
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Now if we choose e small enough, we have 



c'||0||i P <||^IU,|l« 1 + 4NUII^II 



(367) 



Dividing by ||0|| 



Lp ' 



we have 



C\\<f>\\ L v< \\H 1 </>\\„ + ^IIAIUH^. 



(368) 



Finally, if we choose C large enough and put everything together, we have 



\\4>\\w 2 -p 



< \\H l( f>\\ LP . 



(369) 
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